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Abstract. Quantum correlation provides a promising measure beyond entanglement.
Here, we propose a necessary and sufficient condition for nonzero quantum correlation
in continuous variable systems, which is simple and easy to perform in terms of a marker
Qr. In order to get this condition, we introduce continuous-variable local orthogonal
bases of the operator space, which are generalized from the orthogonal basis sets in
local operator space for discrete variables. Based on this, we obtain the marker Qr
for all bipartite continuous variable states, and provide several examples including
two-mode Gaussian and non-Gaussian states. Our result may provide a candidate for
quantum correlation measures, and can be measured by designed quantum circuits.
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1. Introduction
In order to quantify the quantumness of correlations, quantum correlation has been
proposed by Henderson and Vedral [1] and independently by Ollivier and Zurek (they
use the term “quantum discord” instead of “quantum correlation”) [2]. Interestingly,
quantum correlation has found numerous applications [3] in addition to its initial
motivation in pointer states [2]. For examples, relating to the difference between
quantum and classical Maxwell’s demons [4], its role in open dynamics [5], the local
broadcasting of the quantum correlations [6, 7], the phase transitions [8], its operational
meaning in state merging protocols [9, 10], activating multipartite entanglement [11],
creating entanglement in the measurement process [12], to be a resource in quantum
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state discrimination [13], entanglement distribution [14, 15], remote state preparation
[16], observing the operational significance of quantum correlation consumption [17],
guaranteeing a minimum precision in the optimal phase estimation protocol [18],
interpretation as the difference in superdense coding capacities [19], and demonstrating
that quantum discord cannot be shared [20].
It is widely accepted that quantum mutual information measures the total
correlations in a system [1] defined as
I(̺AB) = S(̺A) + S(̺B)− S(̺AB), (1)
where S(̺) = −Tr(̺ log2 ̺) is the von Neumann entropy, and ̺A (̺B) is the reduced
density matrix of subsystem A (B). Classical correlation, which measures the maximal
information gained from ̺AB with measurement on one of the subsystems, is defined as
CA(̺AB) = max
{Ek}
[S(̺B)−
∑
k
pkS(̺B|k)], (2)
where the maximum is taken over all possible positive operator-valued measures
(POVM) [1] {Ek} on subsystem A with pk = Tr(Ek ⊗ 1̺AB) and ̺B|k = TrA(Ek ⊗
1̺AB)/pk. Quantum correlation is therefore given by
DA(̺AB) = I(̺AB)− CA(̺AB). (3)
Alternatively, one can define CB(̺AB) and DB(̺AB) if the measurement is performed on
subsystem B instead of on A. In the following, we only consider the quantum correlation
with measurement performing on subsystem A, since the quantum correlation on B can
be reduced to quantum correlation on A by exchanging these two subsystems. A state
̺AB is of zero quantum correlation with measurement performing on subsystem A if and
only if it can be written as
̺AB =
∑
i
pi|i〉〈i|A ⊗ ̺iB, (4)
where {|i〉A} is a set of orthonormal basis for subsystem A. Furthermore, the
quantum correlation has been generalized to continuous variable systems using Gaussian
measurements for two-mode Gaussian states [21, 22], and several experiments have been
done [23, 24, 25, 26, 27, 28, 29, 30]. It is worth noticing that non-discord like definitions
of quantum correlations have been considered for continuous variable systems as well,
related to their phase space representation, see Refs. [31, 32] and references therein.
Because of the importance of quantum correlations, it becomes a fundamental
issue to decide whether a given state contains nonzero quantum correlation or not
for both discrete variables and continuous variables. For a given bipartite state in
a finite-dimensional system, several conditions for nonzero quantum correlation have
been proposed [33, 34, 35, 36, 37, 38] in the form of local commutativity, strong positive
partial transpose, etc. In particular, Dakic´, Vedral and Brukner [35] have proposed a
necessary and sufficient condition for nonzero quantum correlation in bipartite finite-
dimensional system. Subsequently, Refs. [36, 37] generalized the condition to continuous
variable system. However, this condition in general requires calculating an infinite
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number of commutators for continuous variable states (since for an arbitrary d × d
state there are d2(d2 − 1)/2 commutation relations to be checked), which cannot be
implemented efficiently. Therefore, the necessary and sufficient condition for nonzero
quantum correlation of bipartite continuous variable states still remains challenging.
In this paper, we derive a necessary and sufficient criterion for nonvanishing
quantum correlation in continuous variable systems in terms of an expression Qr
designated as a marker. Unlike checking an infinite number of commutators as in Refs.
[35, 36, 37], our criterion is possibly easier to test since Qr can be calculated directly from
the Wigner function. In order to get the condition, we introduce the complete orthogonal
basis sets in local Hilbert-Schmidt spaces of operators for continuous variables. Based
on this condition, we obtain the marker Qr for all bipartite states, and present examples
including all two-mode Gaussian states and several non-Gaussian states. Moreover, the
criterion may provide a candidate for quantum correlation measures, and it can be
efficiently measured by designed quantum circuits.
2. Continuous-variable local operator basis
In discrete variable systems, take a d × d system as an example, for each subsystem
a complete set of orthogonal bases of the operator space {Gk} consists of d2
operators (which are not necessarily Hermitian) satisfying Tr(G†kGl) = δkl and ̺ =∑d2
k=1Tr(̺Gk)G
†
k. The local orthogonal operator basis has been widely used in many
problems of discrete variables, such as entanglement detection [39], necessary and
sufficient condition for nonzero quantum correlation [35], and quantifying quantum
uncertainty based on skew information [40].
Consider a two-mode continuous-variable state, for each subsystem a complete set
of orthogonal bases of the operator space contains an infinite number of operators G(λ)
of this subsystem satisfying orthogonal relations
Tr[G†(λ)G(λ′)] = δ(2)(λ− λ′), (5)
and complete-set condition ̺ =
∫ 〈G(λ)〉̺G†(λ)d2λ, where the index λ is an arbitrary
complex number, d2λ := dRe(λ)d Im(λ), and δ(2)(λ− λ′) := δ(Re(λ− λ′))δ(Im(λ− λ′))
with Re(z) and Im(z) being the real and imaginary part of the complex number z,
respectively. All the integrals throughout the paper are from −∞ to +∞. There are
infinite complete sets of continuous-variable operator bases. For later use, we introduce
a typical complete set of bases,
G(λ) = D(λ)√
π
, (6)
where D(λ) is the Weyl displacement operator defined by D(λ) = exp(λaˆ† − λ∗aˆ).
3. Necessary and sufficient condition
Consider a two-mode continuous-variable state ̺AB, let us choose the complete set of
operator basis {G(λ)} in subsystem B. The density matrix ̺AB of the two-mode system
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has a partial expression
̺AB =
∫
̺A(λ)⊗ G†(λ)d2λ, (7)
with
̺A(λ) = TrB[̺AB1A ⊗ G(λ)]. (8)
From Eq. (4), one can show that the state ̺AB is of zero quantum correlation if and
only if there exists a von Neumann measurement {Πi = |i〉〈i|} such that∑
i
(Πi ⊗ 1B)̺AB(Πi ⊗ 1B) = ̺AB. (9)
Therefore, the necessary and sufficient condition becomes∫
(
∑
i
Πi̺
A(λ)Πi)⊗ G†(λ)d2λ =
∫
̺A(λ)⊗ G†(λ)d2λ, (10)
which is equivalent to the set of infinite conditions:∑
i
Πi̺
A(λ)Πi = ̺
A(λ) (11)
holds for arbitrary λ. It means that the set of infinite number of operators {̺A(λ)} has
a common eigenbasis defined by the set of projectors {Πi}. Thus, the projector set {Πi}
exists if and only if
[̺A(λ), ̺A(λ′)] = 0, ∀λ, λ′. (12)
These infinite conditions can merge into a single condition: Eq. (12) is satisfied if and
only if the expression Q = 0 where
Q :=
1
2
∫
Tr
(
[̺A(λ), ̺A(λ′)][̺A(λ), ̺A(λ′)]†
)
d2λd2λ′, (13)
since on the one hand [̺A(λ), ̺A(λ′)] = 0 for all possible λ and λ′ leads directly to
Q = 0, and on the other hand if Q = 0 then we have [̺A(λ), ̺A(λ′)] = 0 because the
integrand in the integral over λ and λ′ in Eq. (13) is nonnegative. Therefore, a state
̺AB is of zero quantum correlation i.e., DA(̺AB) = 0 if and only if Q = 0.
For an arbitrary two-mode state ̺AB, its characteristic function is defined as the
expectation value of the two-mode Weyl displacement operator
χ(λ1, λ2) = Tr[̺ABD1(λ1)D2(λ2)], (14)
and its Wigner function is defined as the Fourier transform of the characteristic function
W (α1, α2) =
1
π4
∫
exp[
2∑
i=1
(λ∗iαi − λiα∗i )]χ(λ1, λ2)d2λ1d2λ2. (15)
Conversely, one can express ̺AB using its Wigner function:
̺AB =
1
π2
∫
W (α1, α2) exp[−
2∑
i=1
βi(α
∗
i − aˆ†i ) +
2∑
i=1
β∗i (αi − aˆi)]
2∏
i=1
d2αid
2βi.
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Based on this, we arrive at the expression of Q using the Wigner function (see the
Appendix):
Q = Q1 −Q2, (16)
with
Qj := 4π
3
∫
qj exp[i4 Im(α
∗
3α1 + α
∗
5α3 − α∗5α1)]
5∏
i=1
d2αi, (17)
q1 := W (α1, α2)W (α3, α2)W (α5, α4)W (α5 − α3 + α1, α4), (18)
q2 := W (α1, α2)W (α3, α4)W (α5, α2)W (α5 − α3 + α1, α4), (19)
and j = 1, 2. For later use, we introduce a ratio version of Q:
Qr = 1− Q2
Q1
, (20)
where Qr = 0 if and only if Q = 0 since Q1 > 0 holds for arbitrary states. In order
to decide whether a theoretically given two-mode state ̺AB contains nonzero quantum
correlation or not, one first gets its Wigner function based on the definition, and then
calculates the integral in Eq. (20). After that one can easily check whether the integral
result Qr is equal to zero or not. For an experimentally unknown state, one can measure
Qr by using quantum circuits without any information of Wigner function, see the
Appendix for details.
4. Examples
Let us define the position and momentum operators as xˆ = (aˆ + aˆ†)/2 and pˆ =
−i(aˆ − aˆ†)/2, respectively. The Wigner function of a zero-mean two-mode Gaussian
state is [41]:
W (ξ) =
1
4π2
√
DetV exp(−ξV
−1ξT/2), (21)
where the four-dimensional vector ξ has the quadrature pairs of all two-modes as its
components ξ = (x1, p1, x2, p2) with ξˆ = (xˆ1, pˆ1, xˆ2, pˆ2), and V is the covariance matrix
defined by Vij = Tr[̺(∆ξˆi∆ξˆj + ∆ξˆj∆ξˆi)/2] with ∆ξˆi = ξˆi − 〈ξˆi〉. There is a standard
form for the covariance matrix V of two-mode Gaussian state,
V =
(
A C
CT B
)
, (22)
where A = diag{a, a}, B = diag{b, b} and C = diag{c1, c2} with a, b ≥ 1/4 and
ab ≥ c21, c22. Under this standard form, it can be figured out that (see the Appendix)
Qr = 1−
√∏2
i=1[(ab− c2i )(b+ 16a2b− 16ac2i )]
a[b2 + 16
∏2
i=1(ab− c2i )]
. (23)
Therefore, for an arbitrary two-mode Gaussian state, it is easy to check whether or not
it contains nonzero quantum correlation using Eq. (23).
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As an example of two-mode Gaussian states, let us consider the covariance matrix
of two-mode symmetrical squeezed thermal state given by
a = b = [(1 + 2n) cosh 2r]/4, (24)
c1 = −c2 = [(1 + 2n) sinh 2r]/4, (25)
with r and n being the squeezing parameter and average photon number, respectively.
For n = 0, it is reduced to a pure two-mode squeezed vacuum state. Using Eq. (23),
one can derive
Qr =
sinh2 2r
sinh2 2r + 1 + (1 + 2n)2
(26)
for the two-mode squeezed thermal states. The covariance matrix of two-mode squeezed
thermal state has the property c1 = −c2. Actually, for all the two-mode Gaussian states
with covariance matrix satisfying
c21 = c
2
2 ≡ c2, (27)
the expression of Qr in Eq. (23) can be simplified as
Qr =
bc2
A+ bc2
(28)
with A = (ab− c2)[b+ 16a(ab− c2)]. Therefore, in this case Qr = 0 if and only if c = 0
since b ≥ 1/4, or in the limit A/(bc2) → ∞ we have Qr → 0. For instance, for the
two-mode symmetrical squeezed thermal state, it has zero quantum correlation if and
only if (i) r = 0 or (ii) Qr → 0 when n→∞ or r → 0.
When will Eq. (23) be equal to zero for a general two-mode Gaussian state? As
discussed above, there are two situations: (i) Qr is exactly equal to zero; (ii) Qr → 0 in
the limit. For the first situation (i), in order to get Qr = 0 one needs to check whether
f :=
2∏
i=1
[(ab− χi)(b+ 16a2b− 16aχi)]− a2[b2 + 16
2∏
i=1
(ab− χi)]2
= 16ab(g − ab3/16) (29)
is equal to zero, where we have denoted
χi := c
2
i , (30)
g := (2ab− χ1 − χ2 −∆)
2∏
i=1
(ab− χi), (31)
∆ := b(32a2 − 1)/(16a). (32)
There are two cases:
(a) If g ≤ 0 then f ≤ −a2b4 < 0.
(b) If g > 0, then ∂g/∂χ1 = −(ab − χ2)(3ab − 2χ1 − χ2 − ∆) ≤ 0 and ∂g/∂χ2 =
−(ab−χ1)(3ab−χ1−2χ2−∆) ≤ 0. It means g is a monotonic decreasing function
of χ1 and χ2. The maximal value of g is ab
3/16 when χ1 = χ2 = 0. Thus, f ≤ 0
holds.
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Therefore, it can be concluded that f ≤ 0 holds for both cases and f = 0 if and only
if χ1 = χ2 = 0, i.e., c1 = c2 = 0. For the second situation (ii), it can be seen that
if
∏2
i=1[(ab − c2i )(b + 16a2b − 16ac2i )]1/2/[ab2 + 16a
∏2
i=1(ab − c2i )] → 1 then Qr → 0.
It is worth noticing that Ref. [21] has obtained the result of the first situation. The
difference is that the optimization of Ref. [21] is just over all Gaussian measurements,
but the optimization of our method is over all possible POVM measurements which
are much more general than Gaussian measurements. Our result of the first situation
coincides with the results given by Refs. [36, 42] which considered generic measurements
for Gaussian states.
In general, one can also use Eq. (20) to detect the quantum correlation of an
arbitrary two-mode non-Gaussian state. Since non-Gaussian states have no standard
form as Gaussian states, we show several examples to demonstrate how to detect
quantum correlation of non-Gaussian states based on Eq. (20) (see the Appendix).
As the first example of non-Gaussian states, consider the photon-number mixed
state
̺ = k|00〉〈00|+ k¯|+ 1〉〈+1| (33)
with k¯ = 1 − k, |+〉 = (|0〉 + |1〉)/√2 and 0 ≤ k ≤ 1. This state is a simple non-
Gaussian state in a finite dimension. Based on the definition of Wigner function, its
Wigner function is
W (α1, α2) =W0(α1, α2)[k + 2k¯(x1 + |α1|2)(4|α2|2 − 1)],
withW0(α1, α2) = 4 exp[−2(|α1|2+|α2|2)]/π2 being Wigner function of |00〉, αi = xi+ipi
and xi, pi are real parameters. After some algebra, one can get
Qr =
k2k¯2
2(k4 + k2k¯2 + k¯4)
(34)
using Eq. (20). Therefore, this photon-number mixed state is of zero-correlation if
and only if Qr = 0, i.e., k = 0 or 1. On the other hand, the quantum correlation for
subsystem B of ̺,DB(̺) is always zero when 0 ≤ k ≤ 1. Actually, this finite-dimensional
state can also be detected by the condition shown in Ref. [35]. We present it here to show
that our necessary and sufficient condition is not only suitable for continuous-variable
system but also for finite-dimensional system.
The second example of two-mode non-Gaussian state is a convex combination of
vacuum state and a zero-mean Gaussian state with covariance matrix in the standard
form satisfying c21 = c
2
2 ≡ c2, i.e.,
̺ = k̺G + k¯|00〉〈00| (35)
with 0 ≤ k ≤ 1. ̺G is the two-mode Gaussian state satisfying c21 = c22 with its Wigner
function having been previously introduced, and |00〉 is vacuum state with the Wigner
function being W0(α1, α2). In general, the convex combination of two Gaussian states
may not be a Gaussian state. Based on Eq. (20), one can figure out that
Qr =
k4bc2
32(A+ bc2)AQ1
+
8k2k¯2c2
(B + 4c2)BQ1
+
128k¯k3(1 + 4b)c2
(C + 8c2 + 32bc2)CQ1
(36)
Complete condition for nonzero quantum correlation in continuous variable systems 8
0.2
0.4
0.6
0.8
0.0
0.2
0.4
0.6
0.8
1.0
0.2
0.4
0.6
0.8
Q
r
rn
0.000
0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.000
Figure 1. Qr versus parameters n and r for the single-photon-added two-mode
symmetrical squeezed thermal states. All the states in the range except the ones
with r = 0 can be detected as nonzero quantum correlation states by the necessary
and sufficient condition.
with
A = (ab− c2)[b+ 16a(ab− c2)], (37)
B = (1 + 4a)2b− 8(1 + 2a)c2, (38)
C = [(1 + 4a)(1 + 4b)− 16c2]B. (39)
Therefore, the Gaussian state satisfying c21 = c
2
2 with vacuum-state noise contains zero
quantum correlation if and only if (i) k = 0 or (ii) c = 0 or (iii) in the limit A/(bc2)→∞
when k = 1 or (iv) in the limit all the three terms A/(k4bc2), B/(k2k¯2c2), C/[k¯k3(1 +
4b)c2] → ∞. For example, if the Gaussian state ̺G is the two-mode symmetrical
squeezed thermal state, then Qr = 0 if and only if (i) k = 0 or (ii) r = 0 or (iii)
Qr → 0 when n→∞ or r → 0 or k → 0.
As the last example, let us consider the single-photon-added two-mode symmetrical
squeezed thermal state with its Wigner function given by
W (α1, α2) =
WSTS(α1, α2)
(1 + 2n)2(cosh2 r + n cosh 2r)
×
[
(x2 + 2nx2 + x2 cosh 2r − x1 sinh 2r)2
+ (p2 + 2np2 + p2 cosh 2r + p1 sinh 2r)
2
− (1 + 2n)(n+ cosh2 r)
]
,
where αi = xi + ipi and xi, pi are real parameters, and WSTS(α1, α2) = 4[(1 +
2n)π]−2 exp[−2(|α1|2 + |α2|2) cosh 2r/(1 + 2n) + 4(x1x2 − p1p2) sinh 2r/(1 + 2n)] is the
Wigner function of two-mode symmetrical squeezed thermal state. When n = 0, this
state is reduced to the single-photon-added two-mode squeezed vacuum state shown
in Ref. [43]. Using Eq. (20), we have checked all the single-photon-added two-mode
symmetrical squeezed thermal states in the range of 0 ≤ n ≤ 1 and 0 ≤ r ≤ 1 where
the results have been shown in Fig. 1. All the states except the ones with r = 0 in Fig.
1 can be detected as nonzero quantum correlation states by our necessary and sufficient
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condition: DA(̺AB) = 0 if and only if Qr = 0, i.e., r = 0 in Fig. 1. Furthermore, we
also find that Qr → 0 when n→∞ or r → 0.
5. Measuring Qr for an unknown state by quantum circuits
Here we shall show that the marker Qr in Eq. (20) can be equivalently written as Eq.
(44). We start from Eq. (13):
Q =
1
2
∫
Tr
(
[̺A(λ), ̺A(λ′)][̺A(λ), ̺A(λ′)]†
)
d2λd2λ′
=
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
−
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ)†̺A(λ′)†
)
d2λd2λ′. (40)
It is worth noticing that ̺A(λ) = TrB[̺AB1A ⊗ G(λ)]. We introduce continuous
variable version of swap operator V =
∑∞
i,j=0 |ij〉〈ji| =
∫ G(λ) ⊗ G†(λ)d2λ, and 4-
cyclic permutation operator X =
∑∞
i,j,k,l=0 |ijkl〉〈jkli| = V12V23V34. The swap operator
has the properties V |φ1〉|φ2〉 = |φ2〉|φ1〉 and Tr(V A ⊗ B) = Tr(AB). Similarly, the 4-
cyclic permutation operator X has properties X|φ1〉|φ2〉|φ3〉|φ4〉 = |φ4〉|φ1〉|φ2〉|φ3〉 and
Tr(XA⊗ B ⊗ C ⊗D) = Tr(DCBA). Therefore,
Q1 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
=
∫
Tr
(
XA̺A(λ)† ⊗ ̺A(λ′)† ⊗ ̺A(λ′)⊗ ̺A(λ)
)
d2λd2λ′
=
∫
Tr
(
XAG†(λ)⊗ G†(λ′)⊗ G(λ′)⊗ G(λ)̺⊗4AB
)
d2λd2λ′
= Tr
(
XAV B14V
B
23̺
⊗4
AB
)
, (41)
where we have used property of swap operator V = V † =
∫ G†(λ) ⊗ G(λ)d2λ, and
property of 4-cyclic permutation operator Tr(XA⊗B⊗C⊗D) = Tr(DCBA). Similarly,
we have
Q2 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ)†̺A(λ′)†
)
d2λd2λ′
=
∫
Tr
(
XA̺A(λ′)† ⊗ ̺A(λ)† ⊗ ̺A(λ′)⊗ ̺A(λ)
)
d2λd2λ′
=
∫
Tr
(
XAG†(λ′)⊗ G†(λ)⊗ G(λ′)⊗ G(λ)̺⊗4AB
)
d2λd2λ′
= Tr
(
XAV B13V
B
24̺
⊗4
AB
)
. (42)
Therefore,
Q = Q1 −Q2 = Tr
(
XAV B14V
B
23̺
⊗4
AB
)
− Tr
(
XAV B13V
B
24̺
⊗4
AB
)
, (43)
Qr = 1− Q2
Q1
= 1−
Tr
(
XAV B13V
B
24̺
⊗4
AB
)
Tr
(
XAV B14V
B
23̺
⊗4
AB
) = 1− Tr(U2̺⊗4AB)
Tr(U1̺
⊗4
AB)
, (44)
Complete condition for nonzero quantum correlation in continuous variable systems 10
b 〈σ1x〉 〈σ2x〉
×
×
×
×
×
×
×
×
×
×
|+〉
̺
{
̺
{
̺
{
̺
{
A1
B1
A2
B2
A3
B3
A4
B4
b b b b b
×
×
×
×
×
×
×
×
×
×
|+〉
̺
{
̺
{
̺
{
̺
{
A1
B1
A2
B2
A3
B3
A4
B4
b b b b
(a) (b)
Figure 2. Quantum circuits to measure the marker Qr. Each of the two quantum
circuits has one auxiliary qubit initially prepared in the state |+〉, and four copies
of initial state ̺AB are needed. Each auxiliary qubit is the source of five controlled-
swap gates represented by connected crosses. After the controlled-swap operations,
we perform σx measurements on the two auxiliary qubits: (a) shows the measurement
for U1 and (b) corresponds to the measurement for U2, with results being 〈σix〉 =
Tr(Ui̺
⊗4
AB
) (i = 1, 2).
where U1 = X
AV B14V
B
23 and U2 = X
AV B13V
B
24 with Qi = Tr(Ui̺
⊗4
AB) (i = 1, 2).
In order to measure Qr for an experimentally unknown state, we have designed
quantum circuits as shown in Fig. 2 which are generalized from Ref. [44] to continuous
variable systems. Each of the two quantum circuits has one auxiliary qubit initially
prepared in the state |+〉 = (|0〉 + |1〉)/√2, and four copies of initial state ̺AB are
needed. After several controlled-swap operations with each auxiliary qubit as a source,
we perform σx measurements on the two auxiliary qubits. Take U1 as an example, the
total state including the auxiliary qubit is
̺total =
1
2
1∑
i,i′=0
(
|i〉〈i′| ⊗ U i1̺⊗4ABU i
′
1
†
)
. (45)
Thus, we have
〈σ1x〉 =
1
2
[Tr(̺⊗4ABU
†
1) + Tr(U1̺
⊗4
AB)] = Tr(U1̺
⊗4
AB). (46)
Similarly, 〈σ2x〉 = Tr(U2̺⊗4AB) holds for U2. Therefore, according to Eq. (9), one has
Qr = 1− 〈σ
2
x〉
〈σ1x〉
. (47)
It is worth noticing that the measurements do not need any information about the
Wigner function of the experimentally unknown state ̺AB.
One possible physical setup in experiments is the trapped-ion system. Wang
proposed a physical scheme to realize the controlled-swap gate in a trapped-ion system
[45], which is the only kind of quantum gate employed in our quantum circuits. However,
it may be not easy to realize the whole quantum circuits under current experimental
technique, since we simultaneously need four copies of target state.
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6. Discussion and conclusion
From all the examples of Gaussian states and non-Gaussian states above, one can
see that in principle the two terms in the integrand of Eq. (20) can always be
analytically calculated, since for Gaussian states they are Gaussian integrals like∫
exp(−ax2+bx+c)dx with a > 0, and for non-Gaussian states they can be expressed as
integrals of Gaussian function with a polynomial factor like
∫
exp(−ax2+ bx+ c)f(x)dx
where f(x) =
∑n
k=0 akx
k and a > 0. Based on the identities
∫ +∞
−∞
exp(−ax2 + bx +
c)dx =
√
π/a exp[b2/(4a) + c] and
∫ +∞
−∞
xn exp(−ax2 + bx+ c)dx =√π/a exp[b2/(4a) +
c]
∑⌊n/2⌋
k=0 n!b
n−2k(2a)k−n/[2kk!(n − 2k)!] where a > 0, n is a positive integer and the
floor function ⌊x⌋ is the largest integer not greater than x, the analytical results of all
the integrals can be obtained. On the other hand, the integral Eq. (20) can always be
calculated since it relates to the expectation value of the quantum correlation witness
shown in Ref. [44], which is always a real number.
In fact, Qr is non-negative for all the two-mode states, since the integrand in the
integral over λ and λ′ in Eq. (13) is nonnegative and Q1 > 0, and for two-mode squeezed
vacuum states when the squeezing parameter r → ∞ (i.e., the original, normalized
Einstein-Podolsky-Rosen state) the marker Qr reaches its limit Qr → 1. From this
point of view, Qr may be regarded as a candidate for quantum correlation measures,
because it is always nonnegative, and Qr = 0 if and only if the state is of zero quantum
correlation. If a zero quantum correlation state σ0 has experimental imperfections, for
example, it mixes with an arbitrarily small amount of noise, i.e., σ′0 = (σ0 + ǫ̺)/(1 + ǫ)
where ǫ is an arbitrarily small quantity and ̺ is a nonzero-correlation state. One can
see that Qr(σ
′
0) ∼ O(ǫ), since from Eq. (44) we have
Qr(σ
′
0) = 1−
Tr(U2σ
′⊗4
0 )
Tr(U1σ
′⊗4
0 )
∼ [Tr(∆Uσ
⊗4
0 ) + ǫTr(∆U̟) +O(ǫ
2)]/(1 + ǫ)4
Tr(U1σ
⊗4
0 )
∼ ǫTr(∆U̟)
Tr(U1σ
⊗4
0 )
+O(ǫ2)
∼ O(ǫ), (48)
where ǫ → 0+, ∆U = U1 − U2, ̟ = ̺ ⊗ σ⊗30 + σ0 ⊗ ̺⊗ σ⊗20 + σ⊗20 ⊗ ̺ ⊗ σ0 + σ⊗30 ⊗ ̺,
and Tr(∆Uσ⊗40 ) = 0 because σ0 is a zero quantum correlation state. That is to
say Qr(σ
′
0) is also arbitrarily small, which means σ
′
0 has arbitrarily small amount of
quantum correlation. For general cases, both quantum correlation andQr are continuous
functions of ǫ which determines the experimental imperfect, and when ǫ = 0 the quantum
correlation and Qr of the experimental imperfect state should be zero. Thus, when ǫ
is arbitrarily small, the experimental imperfect state has arbitrarily small amount of
quantum correlation and Qr, and small Qr does imply that the experimental imperfect
state has very small quantum correlation. In that sense, the marker Qr is robust with
respect to experimental imperfections.
Last but not least, the set of zero correlation states is of measure zero and a
randomly chosen state will never have zero correlation [34], but this does not mean that
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the condition (20) is useless. In fact, there are infinitely many zero correlation states, and
it is a fundamental but not an easy problem to decide whether a theoretically given state
contains zero quantum correlation or not. A necessary and sufficient condition for zero
correlation in discrete variable system has been found [35], but for continuous variables
the necessary and sufficient condition was missing until condition (20) is proposed.
To summarize, we have derived a necessary and sufficient criterion of nonvanishing
quantum correlation for arbitrary two-mode states in continuous variable systems in
terms of a marker Qr. This criterion is simple and easy to perform without checking an
infinite number of commutators. We have introduced the complete orthogonal basis sets
in local Hilbert-Schmidt spaces of operators for continuous variables. The criterion may
provide a candidate for quantum correlation measures, and can be efficiently measured
by designed quantum circuits.
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Appendix
Recall that we choose the complete set of orthogonal basis for operator space as
G(λ) = D(λ)/√π. Using the identities
Tr[D(λ)] = πδ(2)(λ), (49)
D†(λ) = D(−λ), (50)
D(λ1)D(λ2) = D(λ1 + λ2) exp[(λ1λ
∗
2 − λ∗1λ2)/2], (51)
one can easily check the orthogonal relation Tr[G†(λ)G(λ′)] = δ(2)(λ− λ′) for Eq. (6).
In order to obtain Eq. (20), let us notice that the characteristic function is defined
as the expectation value of the two-mode Weyl displacement operator
χ(λ1, λ2) = Tr[̺ABD1(λ1)D2(λ2)], (52)
and its Wigner function is defined as the Fourier transform of the characteristic function
W (α1, α2) =
1
π4
∫
exp[
2∑
i=1
(λ∗iαi − λiα∗i )]χ(λ1, λ2)d2λ1d2λ2. (53)
Therefore,
̺AB =
1
π2
∫
Tr[̺ABD
†
1(λ1)⊗D†2(λ2)]D1(λ1)⊗D2(λ2)d2λ1d2λ2,
=
1
π2
∫
χ(−λ1,−λ2)D1(λ1)⊗D2(λ2)d2λ1d2λ2, (54)
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χ(−λ1,−λ2) =
∫
exp[
2∑
i=1
(λ∗iαi − λiα∗i )]W (α1, α2)d2α1d2α2. (55)
Combining this two equations, we have
̺AB =
1
π2
∫
W (α1, α2) exp[
2∑
i=1
(λ∗iαi − λiα∗i )]D1(λ1)⊗D2(λ2)
2∏
i=1
d2αid
2λi,
=
1
π2
∫
W (α1, α2) exp[−
2∑
i=1
λi(α
∗
i − aˆ†i ) +
2∑
i=1
λ∗i (αi − aˆi)]
×
2∏
i=1
d2αid
2λi. (56)
Using the definition ̺A(λ) := TrB[̺ABG(λ)], it can be concluded that
̺A(λ) =
1
π
5
2
∫
W (α1, α2) exp[−β1(α∗1 − aˆ†1) + β∗1(α1 − aˆ1)]
× Tr{exp[−β2(α∗2 − aˆ†2) + β∗2(α2 − aˆ2)]D(λ)}
2∏
i=1
d2αid
2βi
=
1
π
5
2
∫
W (α1, α2) exp[−β1(α∗1 − aˆ†1) + β∗1(α1 − aˆ1)] exp(−β2α∗2 + β∗2α2)
× Tr[D(β2)D(λ)]
2∏
i=1
d2αid
2βi
=
1
π
5
2
∫
W (α1, α2) exp[−β1(α∗1 − aˆ†1) + β∗1(α1 − aˆ1)] exp(−β2α∗2 + β∗2α2)
× πδ(2)(β2 + λ)
2∏
i=1
d2αid
2βi
=
1
π
3
2
∫
W (α1, α2) exp(−β1α∗1 + β∗1α1) exp(λα∗2 − λ∗α2)
×D(β1)d2α1d2α2d2β1, (57)
where we have used the identities Tr[D(β2)D(λ)] = πδ
(2)(β2 + λ) and
∫
f(β2)δ
(2)(β2 +
λ)d2β2 = f(−λ). Based on the expression of ̺A(λ), Q1 can be written as
Q1 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
=
1
π6
∫
W (α1, α2) exp(−β1α∗1 + β∗1α1) exp(λα∗2 − λ∗α2)W (α3, α4)
×W (α5, α6) exp(β5α∗5 − β∗5α5) exp(−λ′α∗6 + λ′∗α6)W (α7, α8)
× exp(−β3α∗3 + β∗3α3) exp(λ′α∗4 − λ′∗α4) exp(β7α∗7 − β∗7α7) exp(−λα∗8 + λ∗α8)
× Tr[D(β1)D(β3)D†(β5)D†(β7)]d2λd2λ′d2β1d2β3d2β5d2β7
8∏
i=1
d2αi. (58)
It is worth noticing that Tr[D(β1)D(β3)D
†(β5)D
†(β7)] = πδ
(2)(β1 + β3 − β5 −
β7) exp[(β1β
∗
3−β∗1β3)/2] exp{[−(β1+β3)β∗5+(β∗1+β∗3)β5]/2},
∫
exp[λ(α∗2−α∗8)−λ∗(α2−
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α8)]d
2λ = π2δ(2)(α2 − α8) and
∫
exp[λ′(α∗4 − α∗6)− λ′∗(α4 − α6)]d2λ′ = π2δ(2)(α4 − α6).
Thus, integrating with respect to λ, λ′, β7, α6 and α8, we have
Q1 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
=
1
π
∫
W (α1, α2) exp(−β1α∗1 + β∗1α1)W (α3, α4) exp(−β3α∗3 + β∗3α3)
×W (α5, α6) exp(β5α∗5 − β∗5α5)W (α7, α8) exp(β7α∗7 − β∗7α7)
× exp[(β1β∗3 − β∗1β3)/2] exp{[−(β1 + β3)β∗5 + (β∗1 + β∗3)β5]/2}
× δ(2)(β1 + β3 − β5 − β7)δ(2)(α2 − α8)δ(2)(α4 − α6)d2β1d2β3d2β5d2β7
8∏
i=1
d2αi
=
1
π
∫
W (α1, α2) exp(−β1α∗1 + β∗1α1)W (α3, α4) exp(−β3α∗3 + β∗3α3)
×W (α5, α4) exp(β5α∗5 − β∗5α5)W (α7, α2)
× exp[(β1 + β3 − β5)α∗7 − (β∗1 + β∗3 − β∗5)α7] exp[(β1β∗3 − β∗1β3)/2]
× exp{[−(β1 + β3)β∗5 + (β∗1 + β∗3)β5]/2}d2β1d2β3d2β5d2α7
5∏
i=1
d2αi. (59)
Using the identity
∫
exp[β5(α
∗
5 − α∗7 + β
∗
1
+β∗
3
2
)− β∗5(α5 − α7 + β1+β32 )]d2β5 = π2δ(2)(α5 −
α7 +
β1+β3
2
), we have,
Q1 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
= π
∫
W (α1, α2) exp(−β1α∗1 + β∗1α1)W (α3, α4) exp(−β3α∗3 + β∗3α3)
×W (α5, α4)W (α7, α2) exp[(β1β∗3 − β∗1β3)/2] exp[(β1 + β3)α∗7 − (β∗1 + β∗3)α7]
× δ(2)(α5 − α7 + β1 + β3
2
)d2β1d
2β3d
2α7
5∏
i=1
d2αi. (60)
Notice that δ(2)(α5−α7 + β1+β32 ) = 4δ(2)(2α5− 2α7 + β1 + β3) and
∫
exp[β1(−α∗1 +α∗3 +
α∗7−α∗5)−β∗1(−α1+α3+α7−α5)]d2β1 = π2δ(2)(−α1+α3+α7−α5), one can integrate
over β3, β1 and α3,
Q1 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
= 4π
∫
W (α1, α2)W (α3, α4)W (α5, α4)W (α7, α2)
× exp[β1(−α∗1 + α∗3 + α∗7 − α∗5)− β∗1(−α1 + α3 + α7 − α5)]
× exp[i4 Im(α3α∗7 − α3α∗5 − α5α∗7)]d2β1d2α7
5∏
i=1
d2αi
= 4π3
∫
W (α1, α2)W (α3, α4)W (α5, α4)W (α7, α2)δ
(2)(−α1 + α3 + α7 − α5)
× exp[i4 Im(α3α∗7 − α3α∗5 − α5α∗7)]d2α7
5∏
i=1
d2αi
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= 4π3
∫
W (α1, α2)W (α7, α2)W (α5, α4)W (α1 + α5 − α7, α4)
× exp[i4 Im(α1α∗7 − α1α∗5 + α∗5α7)]d2α1d2α2d2α4d2α5d2α7.
Exchange the indices α3 and α7, it can be obtained that
Q1 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ′)†̺A(λ)†
)
d2λd2λ′
= 4π3
∫
W (α1, α2)W (α3, α2)W (α5, α4)W (α1 + α5 − α3, α4)
× exp[i4 Im(α1α∗3 − α1α∗5 + α∗5α3)]
5∏
i=1
d2αi. (61)
Similarly, we can also obtain that
Q2 =
∫
Tr
(
̺A(λ)̺A(λ′)̺A(λ)†̺A(λ′)†
)
d2λd2λ′
= 4π3
∫
W (α1, α2)W (α3, α4)W (α5, α2)W (α5 − α3 + α1, α4)
× exp[i4 Im(α∗3α1 + α∗5α3 − α∗5α1)]
5∏
i=1
d2αi. (62)
Therefore, Eq. (20) holds for arbitrary two-mode state. In order to decide whether a
theoretically given two-mode state ̺AB contains nonzero quantum discord or not, one
first obtains its Wigner function based on the definition, and then calculates the integral
in Eq. (20) using the obtained Wigner function. After that one can easily check whether
the integral result Qr is equal to zero or not. For an experimentally unknown state, one
can measure Qr by using quantum circuits without any information of Wigner function.
For two-mode Gaussian states, we define the position and momentum operators as
xˆ = (aˆ+ aˆ†)/2 and pˆ = −i(aˆ− aˆ†)/2, respectively. The Wigner function of the two-mode
Gaussian state is [41]:
W (α1, α2) =
1
4π2
√
DetV exp
(
− 1
2
ξV−1ξT
)
, (63)
where the four-dimensional vector ξ = (x1, p1, x2, p2) and αi = xi+ ipi. Substituting the
Gaussian state Wigner function into Eq. (20), and using the Gaussian function integral
formula ten times:∫ +∞
−∞
exp(−ax2 + bx+ c)dx =
√
π
a
exp
[
b2
4a
+ c
]
, with a > 0, (64)
one can finally obtain Eq. (23).
For two-mode non-Gaussian states, in general, we first obtain the Wigner function
of the non-Gaussian state based on the definition, and then calculate the integral in Eq.
(20) using its Wigner function. One can see that in principle the two integral terms in
Eq. (20) can always be analytically calculated since they can be expressed as integrals
of Gaussian function with a polynomial factor like
∫
exp(−ax2 + bx + c)f(x)dx where
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f(x) =
∑n
k=0 akx
k and a > 0, which we only need to use the formula∫ +∞
−∞
xn exp(−ax2 + bx+ c)dx =
√
π
a
exp
[
b2
4a
+ c
] ⌊n/2⌋∑
k=0
n!bn−2k(2a)k−n
2kk!(n− 2k)! ,
where n is a positive integer, a > 0, and the floor function ⌊x⌋ is the largest integer not
greater than x.
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